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Recap:
do(x) World

M

real

SmOke < meoke(Us, Ug)
Calflcer‘ < fCancer(SmOke, Uc, Ug)

—> do(Smoke = 1)

M Smoke=t

Smoke < true
Cancer <« fCancer(SmOke, Uc, Ug)

JL P’ (hypothetical)

P’ (smoke =1) = 1

' Y T
l smoklng does not

depend on other vars.
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Recap:
The ldentification Problem

Causal Effect Identifiability (Def. 4.2.1)

The of X on Y is said to be from a
causal diagram G if the quantity P(y | do(x)) can be
computed uniquely from a positive probability of the
observed variables.

That is, if for every pair of models M; and M: inducing G,
Pu(y | do(x)) = Pu(y | do(x)), whenever Pu(v) = Pu(v) > 0.



The ldentification Problem (ll)

Truth Truth Causal Inference
(Unobserved) (Observed) For any two SCMs M, M,
Causal G .= GM)=GM)
Graph
G
Obs. Dist.
P(v)
Pw) P(v | do(x))
Exp. Dist.
2 —p (Pui(y|do(x))
P(v | do(x) P =P ldot)
Observed Unobserved

(input) (output) ,



The ldentification Problem (ll)

Truth
(Unobserved)

Exp. Dist.
P(v|do(x))

Truth
(Observed)

Causal
Graph
G

Obs. Dist.
P(v)

Causal Inference
For any two SCMs M, M,

P(y) P(v | do(x))

|dentifiable

Observed Unobserved
(input) (output)



The ldentification Problem (ll)

Truth Truth Causal Inference
(Unobserved) (Observed) For any two SCMs M;, M;,

|dentifiablility really means that,
no matter the shape of AM;, M-,
for all models agreeing in terms of
(G, P(v)), they will also agree In
P | do(x))!

P(v) P(v | do(x))

Exp. Dist.
P(v|do(x))

|dentifiable

Observed Unobserved

(input) (output) i



The ldentification Problem (lll)

identifiable VS not identifiable

Models
iInducing

P(v)

Same
Py | do(x)) e

h Models "
~ compatible .
N, withG 7

s | Differnt
All models P(y | do(x)) !



Example. |ldentifiable Effect

e Consider any two pair of models compatible with the following graph
and the same observational distribution P(v):

/ /
X./\ v +° \. v
|l |
P(v)=P(z)P(x|z)P(y|x,z) P(v|do(x))=P(z)P(y|x.z) = P(y|do(x))= ) P@P(y|x.z)
Z  fOw,) 7« fO(u) No matter what the specific
M®D = 3 X « fD(z,u,) MD =X «x functions or P(u) are,
Y < [0 zu)  gogy) REEACEAS as long as M, M>
— agree in (G, P(v)),
(Z — 1) (7 fOu) they will also agree in
M® =3 X « fO(z,u,) M®P =23 X «x P(z) and P(y|x,z),
)4 <—fy(2)(X, Z, 1) Y <—fy(2)(x, Z, Uy) hence in P(v | do(x))!




Example. Non-identifiable Effect

e Consider the pair of models compatible with the following graph G and
observational distribution P(v):

Usy | YO YO Pvu)
& S
X ﬂ Y 0 1 1 0 0 1/4
P(v) = ) P(y| )P(x [u,,)P(u,,) 1 >0 1 1 v
\ Y Ix, u )P(x | u, ) P(u,,
Uy, 1 1 1 1 1 1/4
XU
Mo =" " [
Y« (X® U, VU,

Y Yo  P)y) PQ()

PUOU, =1)=1/2, M

i={y,xy},j=1{1,2} They match in P(v), that is, P (v)=P@(v)!



Example. Non-identifiable Effect

e Consider the pair of models compatible with the following graph G and
observational distribution P(v):

ny ny U Uy, X YO Y2 P@u|do(x))
& 3, . X
X Y X Y
I 0 1 x 1ex 0 1/4
P(vV) = Y P(y|x,u )P(x|ug)P(u,,) P(v]do() = Y P(y|xu )Pu,) 1 0 x 1 1 1/4
Uy Uy T 1 x 11 1/4
X <« U, X «<Xx ﬂ
(1) — Y (1) _
M _{Y<—(X€Bny)\/Uy M _{Ye(XeBny)va
do(x) Ya Y@ PA(yldo(x))  P(y|do(x))
X «— U — X “— X e
2 — Xy M®P = { ‘
M= = {Y «— Uy Y < Uy 1 B
7
PO, =1) = 1/2, Even though both models induce G and have the
i={y,xy},j= {12} same P(v), the effect PO (y|do(x)) # P@(y|do(x))!
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Intuition:
Non-ID vs. ID

e there is a flow of information from

X to Y along two different
pathways,

e causal pathway p;,
e spurious (or confounded) pathway

P2
e to block p,, we condition on Z = z
and average over it:

P(y|do(x)) = )’ PQ)P(y|x.2)

* same flow of information as in the
RHS,

e causal pathway p;,

e spurious (or confounded) pathway

P2
e however, we do not see the latent

ny, and therefore cannot block p,,
e this makes the effect non-

identifiable, since we cannot
separate p, from p,

11



Let’s study how to decide whether
a causal effect is identifiable...



|ldentification in Markovian Models

Theorem 4.2.1. Given the causal diagram G of
any Markovian model that all variables are
measured, the causal effect O = P(y | do(x)) Is
identifiable for every subsets of variables X and ¥
and Is obtained from the truncated factorization,
P(v|do(x)) = H p (Vi ‘pai) Sum over all variables

notinXuY
{V; € V\X}
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Adjustment by Direct Parents

Thm 4.2.2. Given a causal diagram G of any
Markovian system, the causal quantity O = P(y |
do(x)) Is identifiable whenever {X Y, Pa,! C V,
that is, whenever X ¥, and all the parents of
variables X are measured. The expression of O is
then obtained by adjustment for PA,, or

P(y|do(x)) = ) P (y|x.pay) P (pay)

Pay

Quiz: derive from previous slide
14



How could adjustment help

In real data analysis?
(The Problem of Confounding)



Confounding Bias

What’s the causal effect of Exercise on resting HR? age
What about P(resting HR | exercise) ? / \

exercise —> vresting HR

Resting HR Level
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Confounding Bias

What’s the causal effect of Exercise on resting HR? age
What about P(resting HR | exercise) ? / \

exercise —> vresting HR

Resting HR Level
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Confounding Bias

What’s the causal effect of Exercise on resting HR? age
P(resting HR | exercise) resting HR

| 7
@ | P(resting HR | do(exercise))

Resting HR Level

]
1

Exercise (hours/week)
Age ll Age |
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If Obesity is latent,
IS the effect still computable?

Queries:

-----
- ~

0: = P(dm | do(IR = 1))

> . P(dm|IR = t, htn)P(IR = t)P(htn | ob)P(ob) insulin

T P(IR = 1) resistance

= Y P(dm|IR = t, htn)P(htn | ob)P(ob) \ /
ob.htn

= Y’ Pm|IR = t, hin)P(hin, ob) diabetes
ob,htn l

= ) P(dm|IR = t, htn) 2 P(htn, ob)

neuropathy

Adjustment by hypertension!
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If Obesity is latent,
IS the effect still computable?

Queries: )

0: = P(dm | do(IR = 1))

¥

\‘* \\\‘
insulin \.
resistance

/4

Y,
Vi
y 4
/
/
/
Y
/

By conditioning on hypertension,

- p2 (the non-causal path) is blocked, and diabetesh
- p1 (the causal path) remains unaffected! l
neuropathy
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s Confounding Bias removable?

Goal: Find the effect of X on ¥, O = P(y|do(x)),
given measurements on variables Z,,..., Zi,

X 36 Y
where some of X parents are unobserved.

How can the target quantity O be identified if only
a subset of the parents is measured?

21



Answer:
The Back-door Criterion

Definition 4.2.2. (Back-door Criterion)

A set Z satisfies the back-door criterion (bdc) w.r.t.
to a pair of variables X, Y in a causal diagram G if;

() no node in Z is a descendent of X; and

(i) Z blocks every path between X and Y that
contains an arrow into X.

22



The Back-door Adjustment

Theorem 4.2.3. (Back-door Adjustment)

If a set Z satisfies the bdc w.r.t the pair X} ¥, the
effect of X on Y is identifiable and given by:

P(y|do(x)) = ) P(y|x,z)P(z)

23



Back-door sets as substitutes of
the direct parents of X

Hypertension satisfies the back-door
criterion relative to ins. resist. and diabetes:

(i) HTN is not a descendant of /R, and

back-door

- - -
- “a

¥

(i) HTN blocks the only back-door path from i”j??li”
IR to diabetes. resis an<
Adjusting for the direct parents of /R, we have: b
diabetes

P(dm | do(ir)) = Z P(dm |ir, ob)P(ob)

: l

= Z P(dm/|ir, ob, htn)P(htn|ir, ob)P(ob)

~ (IRLHTN|Ob) heuropathy
ob.htn M""

= Y P(dm|ir,htn)P(htn| ob)P(ob) & (ObLDMIHTN, IR)
ob,htn D — ——

= Y P(dm]ir,htn) Y’ P(htn, ob) = T, )§ Adjustment by

htn ob } Hypertension
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Adjustment by Direct Parents
— Back-door Adjustment

More Generally:
() no node in Z is a descendent of X; and =

(i) Z blocks every path between Xand Y
that contains an arrow into X.

| (ZLX|Pay |

(YL Pa|ZX) |

Then:

P(y|do(x)) = )’ P(y|x, pa)P(pa)

Pdy
= ) P(y|x.pa, 2)P(z|x, pa)P(pa,)
Z,pay
= Y P(y|x.2)P(z|pa)P(pa,)
D4 Adjustment by Z is equivalent to
= Z P(y|x,z) Z P(z, pa, adjustment by direct parents
z pa whenever Z is bd-admissible!
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How do we find these bd-sets?
Graphical Condition

P(y | do(x)) is identifiable if there is
a set Z that X Y In Gy

/ )i / 2 ZI ZZ
/3 ‘%Z 5 Zs '%25
/4 / /4 /
o= > @ >0 @ o >0
G G

X

P(y|do(x)) = ) P(y|x,2,,2)P(z;,2)

Zl ,Z4
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Further Back-door Examples

Are there admissible back-door sets (relative to
X,Y) for the following graphs??
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Most Common Back-door Setting:
CG(3) Graphical Model

« What is the simplest setting in which back-door helps?
Approach: put all Z variables into a single block!

a ) a o )
Construct graph over Elicit Causal

three blocks _ Knowledge Stepwise |

W,
@ is there confounding X - Y?

/

@ is there confounding X - Z?

@ @ is there confounding Y - Z7?

start with no  CG(3) model Causal Assumptions encoded
assumptions In edge removals!
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Assess Back-door:
8 possible cases

V4

If Back-Door
holds for Z, can
use it for
adjustment!

X‘/ \Y

~ L4
-
------




Back to Sex-Stratification vs. Weight-Loss
Stratification: Which table to consult?

(~F) HbAl1c HDbA1c Sucess (A HbA1c HbA1c Sucess
low (Y) high (—Y) Rate low (Y) high (—Y) Rate
drug drug
18 12 30 60% 2 8 10 20%
() i () i
no-drug no-drug
/ 3 10 70% 9 21 30 30%
(~X) ’ (~X) i
25 15 40 11 29 40
Sex-Stratified Weight Loss-Stratified Another Story?
F is not back-, A
door; 5' 4 e
but empty set !
. is! use noh- 3
stratified table! e o X
X — y  Stratified tabte Y

FFT 30



