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How well do causal estimates from 
observational data translate to RCTs?
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• We can obtain 
 directly,


• However, we already know 
the answer, and the RCT is 
not really needed!

P(y ∣ do(x))



What could go wrong?
• Most common culprit: unobserved confounding
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What could go wrong?
• Most common culprit: unobserved confounding
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Reality

•  is not back-door for 

•  not identified 

through adjustment on  
 

Z (X, Y )
P(y ∣ do(x))

Z

P(y ∣ do(x)) ≠ ∑
z

P(y ∣ x, z)P(z)

In this case, our findings will not translate to the 
RCT setting
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Does this happen in practice? 
I: Menopausal HRT

• Post-menopause, hormone replacement therapy (HRT) may 
have benefits, such as vasodilation, lower inflammatroy 
activation, lower LDL cholesterol 
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“Current estrogen use is associated with a reduction in 
the incidence of coronary heart disease as well as in 

mortality from cardiovascular disease”



Does this happen in practice? 
I: Menopausal HRT

• Post-menopause, hormone replacement therapy (HRT) may 
have benefits, such as vasodilation, lower inflammatroy 
activation, lower LDL cholesterol 
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HRT therapy seems 
like a good idea



Does this happen in practice? 
I: Menopausal HRT

• Post-menopause, hormone replacement therapy (HRT) may 
have benefits, such as vasodilation, lower inflammatroy 
activation, lower LDL cholesterol 
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HRT therapy seems 
like a good idea

“Overall health risks exceeded benefits from use of 
combined estrogen plus progestin for an average 5.2-

year follow-up among healthy postmenopausal US 
women”

Issue: in observational data, patients on HRT were (i) 
healthier; (ii) had better healthcare utilization; (iii) had 

better socio-economic status.



II: Vitamin E and coronary heart 
disease (CHD)

• Hypothesized benefits of vitamin E included reduced 
atheroscelrosis, reduced inflammation, and antithrombotic effects.
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“Among middle-aged women the use of vitamin E 
supplements is associated with a reduced risk of 

coronary heart disease” RCT makes sense?



II: Vitamin E and coronary heart 
disease (CHD)

• Hypothesized benefits of vitamin E included reduced 
atheroscelrosis, reduced inflammation, and antithrombotic effects.
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“In patients at high risk for cardiovascular events, 
treatment with vitamin E for a mean of 4.5 years had 

no apparent effect on cardiovascular outcomes.”

Supplement users exercised more, smoked less, and 
had healthier diets, and better SES.



III: Beta-carotene -> Lung Cancer
• Hypothesized benefits of beta-carotene included antioxidant 

protection against DNA damage, reduced lipid peroxidation, and 
enhanced immune surveillance, thereby lowering the risk of lung 
cancer.
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“Men in the top two quintiles of serum beta-carotene 
had only about 60% of the risk of developing cancer 

compared with men in the bottom quintile.”



III: Beta-carotene -> Lung Cancer
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“We found no reduction in the incidence of lung 
cancer among male smokers after five to eight years 
of dietary supplementation with alpha-tocopherol or 

beta carotene.”

• Hypothesized benefits of beta-carotene included antioxidant 
protection against DNA damage, reduced lipid peroxidation, and 
enhanced immune surveillance, thereby lowering the risk of lung 
cancer.



III: Beta-carotene -> Lung Cancer
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“We found no reduction in the incidence of lung 
cancer among male smokers after five to eight years 
of dietary supplementation with alpha-tocopherol or 

beta carotene.”

Supplement users and individuals with higher serum 
beta-carotene levels smoked less, consumed more 
fruits and vegetables, had overall healthier dietary 

patterns, and had higher SES

• Hypothesized benefits of beta-carotene included antioxidant 
protection against DNA damage, reduced lipid peroxidation, and 
enhanced immune surveillance, thereby lowering the risk of lung 
cancer.



Unobserved Confounding
• There are two components of protecting our 

findings against unobserved confounding:
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Knowing what we  
didn’t measure

Knowing what we  
don’t know

• In all studies, it is 
important to report factors 
that may be relevant, but 
have not been included in 
the analysis,


• These factors can be 
measured in prospective 
studies.

• This is a lot more difficult 
— what if there is an 
unobserved confounder 
previously not 
hypothesized (discussion: 
what is treatment 
allocation),


• Performing sensitivity 
analysis.



Unobserved Confounding
• There are two components of protecting our 

findings against unobserved confounding:
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Knowing what we  
didn’t measure

Knowing what we  
don’t know

• In all studies, it is 
important to report factors 
that may be relevant, but 
have not been included in 
the analysis,


• These factors can be 
measured in prospective 
studies.

• This is a lot more difficult 
— what if there is an 
unobserved confounder 
previously not 
hypothesized (discussion: 
what is treatment 
allocation),


• Performing sensitivity 
analysis.

Key Question: How strong would an unobserved 
confounder have to be to change our study 

findings?



Sensitivity Analysis for 
Unobserved Confounding
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Run the Analysis

•  is back-door for 

•  identified and 

compute as 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Key Question

• How strong would an 
unobserved confounder 
have to be to change our 
findings (red arrows)? 


• How do we quantify this?



Quantifying UC Strength
• In the general, non-parametric setting, 

quantifying the strength of UCs is hard,


• Finding nice ways to do this is an open 
research area,


• Some useful tools for parametric settings exist:
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Binary Outcomes and 
Treatment

Continous Outcomes with 
Linearity



Risk Ratio Scale:  
Total Risk Ratio (TRR) vs. Total Effect (TE)

• So far, we considered the total effect (TE), 
given by ,


• For binary outcomes, another quantification is 
useful, through the total risk ratio (TRR) 
 

        

E[Y ∣ do(x1)] − E[Y ∣ do(x0)]

TRRx0,x1(y) =
P(Y = 1 ∣ do(x1))
P(Y = 1 ∣ do(x0))
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Note: TE > 0  TRR > 0⟺



UC Sensitivity for TRR
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Z

YX

U• Let’s assume the UC  is binary,


• Our analysis is -specific,


• We start with the definitions of our sensitivity 
parameters:

U

z

RRXU = max
u

P(u ∣ x1, z)
P(u ∣ x0, z)

(1)

(1)

Captures the strength of  
X  U relationship: 

maximal risk-ratio from 
flipping 

→

x0 → x1

RRUY = max
x

maxu P(y ∣ x, u, z)
minu P(y ∣ x, u, z)

(2)

(2)

Captures the strength of  
U  Y relationship: 
maximal u-variation 
induced in 

→

P(y ∣ ⋅ )
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UC Sensitivity for TRR
Theorem. Let  be the risk ratio , 

and let  be the true risk ratio obtained after 
adjusting for , 

                           


Then, we have that 

                      

RRobs(y ∣ z)
P(y ∣ x1, z)
P(y ∣ x0, z)

RRtrue(y ∣ z)
U

∑u P(y ∣ x1, z, u)P(u)

∑u P(y ∣ x0, z, u)P(u)

RRobs(y ∣ z)
RRtrue(y ∣ z)

≤
RRXURRUY

RRXU + RRUY − 1



Next, note that we have 
 

      
RRobs(y ∣ z)

RRtrue(y ∣ z, x1)
=

∑u P(y ∣ x0, z, u)P(u ∣ z, x1)

∑u P(y ∣ x0, z, u)P(u ∣ z, x0) 20

Proof: Part I

We first note that  
                

 
 
RRtrue(y ∣ z) = λRRtrue(y ∣ z, x1) + (1 − λ)RRtrue(y ∣ z, x0), λ ∈ [0,1]

homework

whiteboard

meaning that the true RR is a convex combination of 
-specific RRs.

x

We are assuming that , WLOG.RRobs(y ∣ z) > 1
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Proof: Part II
Our next step is to re-write both the numerator and the 
denominator as a convex combination of min/max over 

:P(y ∣ x0, z, u)

    
  

 
with 


        .

RRobs(y ∣ z)
RRtrue(y ∣ z, x1)

=
w1 maxu P(y ∣ x0, z, u) + (1 − w1) minu P(y ∣ x0, z, u)
w0 maxu P(y ∣ x0, z, u) + (1 − w0) minu P(y ∣ x0, z, u)

.

wx =
∑u [P(y ∣ x0, z, u) − min′￼u P(y ∣ x0, z, u′￼)]P(u ∣ x, z)

maxu P(y ∣ x0, z, u) − minu P(y ∣ x0, z, u)



Note that we have 
 
Γ Δ=

w1

w0
=

∑u [P(y ∣ x0, z, u) − min′￼u P(y ∣ x0, z, u′￼)]P(u ∣ z, x1)

∑u [P(y ∣ x0, z, u) − min′￼u P(y ∣ x0, z, u′￼)]P(u ∣ z, x0)

≤
∑u [P(y ∣ x0, z, u) − min′￼u P(y ∣ x0, z, u′￼)]RRXUP(u ∣ z, x0)

∑u [P(y ∣ x0, z, u) − min′￼u P(y ∣ x0, z, u′￼)]P(u ∣ z, x0)
= RRXU .
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Proof: Part III
Dividing through by , we get 

   

min
u

P(y ∣ x0, z, u)

RRobs(y ∣ z)
RRtrue(y ∣ z, x1)

=
w1( maxu P(y ∣ x0, z, u)

minu P(y ∣ x0, z, u) − 1) + 1

( w1

w0
)−1w1( maxu P(y ∣ x0, z, u)

minu P(y ∣ x0, z, u) − 1) + 1

RRUY|x0

can be exchanged using RRXU
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Proof: Part IV
Putting together, we can bound the ratio as

RRobs(y ∣ z)
RRtrue(y ∣ z, x1)

=
w1( maxu P(y ∣ x0, z, u)

minu P(y ∣ x0, z, u) − 1) + 1

Γ−1w1( maxu P(y ∣ x0, z, u)
minu P(y ∣ x0, z, u) − 1) + 1

≤
(RRUY|x0 − 1) + 1

Γ−1(RRUY|x0 − 1) + 1

=
ΓRRUY|x0

RRUY|x0 + Γ − 1

≤
RRXURRUY

RRUY + RRXU − 1

f(x) =
x + 1

Γ−1x + 1

increasing iff Γ > 1

f(x, y) =
xy

x + y + 1

increasing in x, y



Finally, we can combine the bounds treated and 
untreated groups:
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Proof: Part V

RRtrue(y ∣ z) = λRRtrue(y ∣ z, x1) + (1 − λ)RRtrue(y ∣ z, x0), λ ∈ [0,1]

≤ λBRRobs(y ∣ z) + (1 − λ)BRRobs(y ∣ z)

= B ⋅ RRobs(y ∣ z)

where , completing the proof.B Δ=
RRXURRUY

RRUY + RRXU − 1
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z-TRR to TRR
• Our obtained bound is for the -specific TRR, 
• For bounds on the population-level TRR, we have

z

RRtrue(y) =
∑z P(yx1

∣ z)P(z)

∑z P(yx0
∣ z)P(z)

=
∑z RRtrue

x0,x1(y ∣ z)P(yx0
∣ z)P(z)

∑z P(yx0
∣ z)P(z)

≥
∑z RRobs

x0,x1(y ∣ z) RRUY + RRXU − 1

RRXURRUY
P(yx0

∣ z)P(z)

∑z P(yx0
∣ z)P(z)

≥
RRUY + RRXU − 1

RRXURRUY
min

z
RRobs

x0,x1(y ∣ z) .
Note: bound is based 

on the minimal z-
specific TRR
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E-value
• Now, in the very last step, we can further simplify the 

setting, and search for a minimum joint strength 
 that explain aways the observed effect,


• Here, it is convenient to assume that  
so that we can say a confounder (i) for which  
causes an -fold increase in risk-ratio for  or and (ii) 
which causes an -fold increase in risk-ratio for  is 
capable of explaining away the effect under study.


• When , we can find the minimal  
capable of explaining away the effect.

RRXU, RRUY

RRXU = RRUY = r
x0 → x1

r u1 u0,
r Y = 1

RRXU = RRUY = r r



• Note that we can write 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E-value

> 1

⟺ r2 − (2r − 1)RRobs(y ∣ z) < 0

searching for  so that this holds always  larger quadratic solutionrmin ⟹

rmin = RRobs(y ∣ z) + RRobs(y ∣ z)(RRobs(y ∣ z) − 1)

=
2r − 1

r2
RRobs(y ∣ z)

RRtrue(y ∣ z) =
RRUY + RRXU − 1

RRXURRUY
RRobs(y ∣ z)



• Note that we can write 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E-value

> 1

⟺ r2 − (2r − 1)RRobs(y ∣ z) < 0

searching for  so that this holds always  larger quadratic solutionrmin ⟹

rmin = RRobs(y ∣ z) + RRobs(y ∣ z)(RRobs(y ∣ z) − 1)

=
2r − 1

r2
RRobs(y ∣ z)

RRtrue(y ∣ z) =
RRUY + RRXU − 1

RRXURRUY
RRobs(y ∣ z)

This is known as the E-value:  
minimal joint strength of the confounder that can explain 

away the estimated risk ratio!
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Heuristics in Practice: Assume 
Away Heterogeneity

• In practice, often the  is not taken for 

obtaining bounds on ,

• Instead, practitioners are willing to assume away 

heterogeneity (i.e., that the risk ratio is constant across ),

• Upon doing so, a heuristic to understand how large (or 

small) the obtained E-value is, proceeds as follows:  
leave-out each of the observed confounders one by one, 
and compute how large the  would be for 
them! 

min
z

RRobs(y ∣ z)

RRtrue(y)

z

RRXU, RRUY


