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What is Measurement Error?
When does it occur?
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Measurement Error vs.
Missing Data

[ Missing Data J [ Measurement Error )

- A value may be - A value is observed, but
unobserved, but we V* £ Vis possible, and
observe Ry, i.e., we know we don’t know where the

which values are missing True data error occurs
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Types of Measurement Error:
Non-differential vs. Differential

[ Non-differential j [ Differential J

- True Y does not influence . True Y may influence how
how X* is obtained from X X* is obtained from X
X Y X Y
@ .
XF Ve
U U

( Differential Error may complicate things )




Types of Measurement Error:

Non-differential vs. Differential

[ Non-differential J [ Differential ]

- True Y does not influence - True Y may influence how
how X! is obtained from X X°* is obtained from X

-
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Note: Many results in the measurement error

~

literature are for a specific parametric setting.
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Challenges of Measurement Error

- What kind of challenges does measurement
error data pose? In the first instance, we can run
our analysis (unlike in the missing data setting),

- However, there Is a

* In this lecture, we will study a specific example
of effect identification under measurement error.



Imperfect Confounders

- We consider a setting with treatment X, outcome Y,
confounders Z, with the goal of estimating the
causal effect of X on Y,

- The confounders, however, are measured
imperfectly, and we have access to a proxy R.

Z 4 )
é R is not back-door for X, ¥ — can
R we somehow identify the effect?

X v\ J




Imperfect Confounders

P(y | do(x)) = ) P(y | z.X)P(2) Z
Z P(y,z | x) *
v,z | x R
— P
~" Pz | %) @) X Y
- Note also that we have — RI1 X Y|Z

P(y,r|x) = ) P(y,r,z|x)

— Z P(r| x,y,2)P(y,z | x)

= ) P(r| 9P(y,z| )



Imperfect Confounders

V4

PGP ) = Z P(r| DP(y,2 | x)

@
- Suppose that Z, R take a finite number of values, % K %
- We use the following notation:
P(y. 7O | x P(y,z9 | x)
Pyrpr = s Pyafr = f
P(y, r(RI=D | x) P(y,z14=D | x)
p(,,(O) | Z(0)) p(r(O) | Z(IZI—I))
A — . . .

rlz

P(rURI=D -0y ppURI=D A (21=D)y



Imperfect Confounders

PO.r 10 =" Pr| PGz | 0

- With this notation, we can re-write ( * ) as X

pyr‘x o Ar‘zpyz‘x in words, P(y, z | x) values

can be obtained if A, matrix

— — A1
pyz‘x — Ar\zpyr\x IS known and invertible

- Similarly, we have that so P(z | x), P(z) recoverable

L —1 L —1 similarly
Prix = AF\ZPF\X’ P = Ai’\zpl”
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« Similg

Imperfect Confounders

P(y, If

\_

)y 0 0 RZ
Since we have
_x POzl x)
P(y | do(x)) = ) ey T

matrix A,,, determines the causal effect!

N »

values

S £ o0 <= JTIw

~

\_

?
How can one get A,,.*

~

; matrix

4/ertible

werable

J
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Imperfect Confounders:
Help with external data

+ Suppose we have access to another dataset, in

which the confounders Z and the proxy R are
recorded simultaneously,

» This means we have access to samples from the
joint distribution P(z, r), meaning that the matrix

A,, can be determined,

- This iIs known as recovery by external data, which
IS commonly heeded as measurement error can be

difficult to solve.
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Application: Obesity Paradox

- For patients in intensive care units, we observe:

= 1 4°/o

This effect persists even after adjusting for
all confounders.

n\ .
|

Overweight
25-30 kg/m?

(%) AN[enon
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Obesity Paradox: Explanations

[ Causal j

* Increased body mass
index —> increased fat
Issue, and adipose tissue
may absorb inflammation

* Increased body mass
index —> increased
muscle mass, and
muscle may serve as
physiological reserve of
protein/energy

 There are two types of explanations of the OP

[ Confounded j

- decreased body mass

index may be associated
with worse chronic
health, since
comorbidities such as
cancer/smoking cause
weight loss

- if chronic health captured

imperfectly, we may have
residual confounding
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Obesity Paradox:
A Sensitivity Approach

4 True
Comorbidities

Observed
Comorbidities

BMI Mortality

~

~

Under-reporting of comorbidities is
a common concern — and may be

o

a source of measurement error.
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Obesity Paradox: Model of
Measurement Error (Univariate)

7 True + Suppose that we have
Comorbidities

Observed
Comorbidities

Bernoulli(¢’) ifZ=0
- {Bernoulli(l _p) ifZ=1,

- Provided the values ¢, ¢’, the
Y conditional P(R | Z) is
determined.

BMI Mortality

But what if X — R, Y — R? Differential errors
are hard --
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Obesity Paradox: Effect Recovery

Theorem. The average treatment effect of X on Y
can be uniquely computed from the joint distribution

P(7, x, y) provided matrices A if one of the

r|xyz’
following two conditions holds:
- The no false positive assumption holds,
R, < Z for every componentm € {1,..., k},
and P(R = 7z | Z = 7z, x, y) >0V z(i),x,y
- The stability assumption holds,
(7) (1) 1 (1)
PR=zV|Z=7"x,y) >§Vz X, V.
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Effect Recovery: Proof

+ Note that the following identify holds:

[P(r(i)\x,y)] =[ 2 PV YV xy) ][P(z(j)\x,y)]

~

-~

Prixy Arlxyz (SiZG 2k)<2k) Pz|xy

. Therefore, If A,,‘xyz IS Invertible, we can recover

P(z | x,y) from P(r | x,y).
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Effect Recovery: Proof

- Suppose that P(z | x, y) is available for each x, y.

P(y | do(x)) = Z P(y | 2. x)P(2)

weights P(x, y) are observed!

P(y, x,
= Z 0, %, 2) P(2) we only need to show
P(x, ) Ay jry, invertibility

P(y, x,z)
Z 2., POy, xZ)ZP(y 9

P(Z‘Xy) . T
"2 3, PE Y. 0P, x)zp(z‘y P00
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- Suppose that P(z | x, y) is available for each x, y.

P(y | do(x)) = )’ P(y | 2.X)P(z)

Effect Recovery: Proof

weights P(x, y) are observed!

-

\_

We prove invertibility under (i) no false
positives; (ii) stability on the white board!

~

J

J ALY

_ Z Z P(Z ‘ X, y) ZP(Z ‘ y/’ .x/)P(y,, xl)

y PE 1Y 0)PG, x) =
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Simplifying Our Sensitivity
Analysis: Assumptions

. Specifying the matrix A requires D2k parameters,

rlxyz
which is huge Iin practice.

- We make some simplifying assumptions:
Rm < Zm’

[ No False Positives (NFP) J any comorbidity not present (Z = ()
will be recorded as not present

[ Independent Fidelity (IF) ] P(r]xy,z) = HP (r; 1 x,,2)

Measurement Error indep. across
comorbidities

[ Parameter Sharing (PS) ] P(ry, | 2 %, ¥) = P(ry | 20, %, y) = ¢y,

equal error rates for each variable .




@-value Definition

Definition. A ¢-value is any fidelity pattern

D is = Py ys Dryys Py Poyy,) SUCh that the under

O the causal effect estimate changes sign compared
to the no missingness setting @ = (0,0,0,0).

TExO,xl(y ‘ O =0)* TExO,xl(y ‘ (I)crit) < 0.
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@-value: Inference

* In our setting, we have an important continuous
confounder W which is measured without error, age

® °
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@-value: Inference

* In our setting, we have an important continuous

confounder W which is measured without error, age

700/0 .

\_

Age has a U-shape association with
obesity! Need to be careful about this.

J

40% - ©

20

40
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W (age in years)
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@-value: Inference

+ We therefore use a parametric model as follows:

P(z,w) = : exp(z/Zz + wiAz — leQw + blw)
’ AZ, A, Q,b) 2

quadratic term in W!

PX=1|Z=2zW=w)=expit(2] (1,2) + A (w. %)

PY=1|Z=2X=x) = expit(,uZT(l,z) + u, W +@)

parameter of interest

— 25




¢-value: Inference via Expectation-
Maximization Intuition

- With full parameter
specification 8, we
know how to sample
P@(r),cp(z | X, Y, r),

- Allows us to create a

“full-sample” as if Z was
observed.

V4
R \
[ E-step j / [ M-step ]

Alternate steps
until convergence

- With full data (including

/) we know how to
estimate 9,

- Allows us to update our

parameters to @D,
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Obesity Paradox Measurement
Error: Discussion of Assumptions

+ Recall some of the assumptions we used:

. It is rather unlikely that a comorbidity
[ No False Positives (NFP) j that does not exist will be recorded by
mistake — this assumption is strongly
Rm S Zm supported.
- : Depends on data collection.
[ Independent Fidelity (IF) J If comorbidities are recorded by

different departments, strong

P(r|x,v,2) = HP(ri | X, ¥, 2) justification.

If a single ICD-coder, less likely.

: Depends on data collection.
[ Parameter Sharmg (PS) j If comorbidities are recorded by

different departments, may be less

Py, | 2%, Y) = P(rp | 24, %, ) = @y likely.

If a single ICD-coder, more likely.
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Obesity Paradox Measurement
Error: Discussion of Assumptions

+ Recall some of the assumptions we used:

. It is rather unlikely that a comorbidity
[ No False Positives (NFP) J that does not exist will be recorded by
mistake — this assumption is strongly

Rm S Zm supported.

P. . R Depends on data collection.

) Note: I[F and PS assumptions are only really
needed to simplify the specification of the ME
pattern — they are not needed for inference (i.e.,
we can remove them)

- .m
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